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Abstract 

The algebraic structure on the subspace of the quasi-primary vectors given by the projection 
of the (n) products of a conformal superalgebra is formulated. As an application the complete 
list of simple physical conformal superalgebras is given. The list contains a one-parameter 
family of superconformal algebras with 4 supercharges that is simple for general values. 

1 Introduction 

For an infinite-dimensional Lie superalgebra Q , one often assumes that there exists a finite set T 
of generating functions of elements of Q and that the Lie bracket is written in terms of the OPE 
(Operator Product Expansion), i.e., 

a(*)&H~£-^L (l.l) 
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where the YJ is finite. It means 



[o(z), &(«;)]= 2 ^p^-w)» (1-2) 



j 



cP(w) = Res z [a(z),b(w)](z - w) j , (1.3) 

for a,b € C[5].F, where the YJ ^ s always finite. The finiteness is called locality. Many significant 
infinite-dimensional Lie superalgebras, e.g., affine Lie algebras, the Virasoro algebra, the Neveu- 
Schwarz algebra, have locality. 

The notion of conformal superalgebra (vertex Lie superalgebra) is formulated in H and [ flO| 
independently, which is an axiomatic description of Lie superalgebras with OPE with respect to 
the infinitely many operations a^b — c J as above. Once a conformal superalgebra is given, one 
can reconstruct the Lie superalgebra Q . We shall require existence of conformal vector in addition, 
which corresponds to a Virasoro subalgebra in the associated Lie superalgebra. 

For a conformal superalgebra R the subspace of the quasi-primary vectors (see section 2 for pre- 
cise formulation) are identified with R/(dR). For some kind of conformal superalgebras the space 
of primary states generates the conformal superalgebra and the associated Lie superalgebra (fTo||). 
On the other hand, it is well-known that a conformal superalgebra R yields a Lie superalgebra 
structure on R/(dR). We will study more detailed structures on R/{dR) (section 3). 

The algebraic structures on the space of the primary vectors are described in (IJ . We will study 
the algebraic structures on the space of the quasi-primary vectors, defining the (n) products on it 
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by the projection of the (n) products. We will show that one can reconstruct the entire conformal 
superalgebra from the (n) products on the space of the quasi- primary vectors (section 4) . For the 
normal product the structure given by the projection are discussed in Q. 

The (n) products are (anti-)commutative, but may not be associative. We have some simple 
cases of the algebraic structures on the subspace of the quasi-primary vectors. The most simple 
one is the case of afhne Lie superalgebras, for which all products but the (0) product vanish and 
the (0) product yields a Lie superalgebra structure on the finite-dimensional vector space of the 
quasi-primary vectors. The second case is physical conformal superalgebras, which corresponds to 
the superconformal algebras, for example, the Virasoro algebra, the Neveu-Schwarz algebra and the 
N = 4 superconformal algebra. In this case all products but the (0) product and the (1) product 
vanish and they yield a left Clifford module structure on the finite-dimensional vector space of the 
quasi-primary vectors. The action of Clifford algebra is described in Q . It restricts the dimension 
of the space of the quasi-primary vectors of physical conformal superalgebras. 

Examples of simple physical conformal superalgebras are given in ||, g, 0, and ||. The 
list of known simple physical conformal superalgebras are Vir, K\ , K 2 , -K3 , S 2 , W 2 , CKq , where 
we have followed the notations of || and ||. Vir is the Virasoro algebra. Kj is known as the 
N = j superconformal algebra. S 2 and W 2 are superconformal algebras with 4 supercharges. S 2 
is known as the N — 4 superconformal algebra. CKq is discovered in M and is the only known 
superconformal algebra with more than 4 supercharges. 

In D a list for the simple physical conformal superalgebras is given, however, we are making 
another approach. As an application of the reconstruction theorem we will classify simple physical 
conformal superalgebras by working on the space of the quasi-primary vectors and the (n) products 
on it. We have found a simple physical conformal superalgebra N4 and a one-parameter family 
of physical conformal superalgebras N" that is simple for all a £ (C/{±1}) \ {[1]}, which imply 
a class of simple physical conformal algebras that is not in the list of || exists; N4 and N£s are 
counter examples to Lemma 4.1(b) in The simple physical conformal superalgebras .ZV4 and N" 
coincide with the centerless conformal superalgebras of the large N = 4 superconformal algebras 
written down in |ll| . The complete list of the simple physical conformal superalgebras is Vir, K\ , 
K 2 , K 3 , S 2 , W 2 , AT 4) N% and CK 6 (section 8). 
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paper. I am very grateful to Shun- Jen Cheng for valuable comments on changing the conformal 
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Wakimoto for valuable discussions and comments. 



2 Preliminaries 

Let if be a subfield of C. A if- vector space V with a direct sum decomposition V = Vq © V\ 
is called a Z/2Z-graded if- vector space. The homomorphisms of Z/2Z-graded vector spaces are 
supposed to be compatible with the gradation. The Z/2Z-gradation is called -parity. Vq is called 
the subspace of even parity, and V± is of odd parity. 

The Z/2Z-graded objects are called super- objects. Commutativity for the product • of a 
superalgebra is defined to be a ■ b = (— l)p( a )J>( b )fr • a, where a, b are supposed to be homogeneous 
with respect to the parity p. 

Now let us state the axioms for conformal superalgebras, based on the descriptions in Q and 
S. We denote — A> / j\, where A is an operator. 

Definition 2.1 Let R be a Z/2Z-graded if -vector space equipped with countably many products 

(n):R®R^R, (n £ N), 
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and a linear map d : R — > R. The triple (i?, {(n)} n6 ]\q-, L) satisfying the following conditions for 
an even vector L G R are called a conformal superalgebra: 

(C) For all a,b,ce R, 

(CO) there exists some N g N such that for all n £ N satisfying n > N 

a (n) b = 0, 

(CI) for all neN, 

(da) {n) b = -na( n _!)6, 

(C2) for all neN, 

OO 

o (n) 6 = (-1)*<»M» (-l) j+n+1 d^b (n+j) a, 

(C3) for all m, ra e N, 

a (m) (b (n) c) = J2 ( 7 ") (ayjfc)^^ c+ (-l^%(a (m) c). 

(V) L e R satisfies £(o)£ = = 2i, L( 2 )L = 0, L( ) = d as operators on i?, and is 

diagonalizable. 

Remark 2.2 The ^ in (C3) is a finite sum because of (CO). 

L is called the conformal vector of i?. A homomorphism of conformal superalgebras from R 
to R' is a [9] -module homomorphism / : R — > i?' that is compatible with the (n) products for 
all n € N and maps L to the conformal vector of R' . An ideal of a conformal superalgebra is a 
if [9]-submodule that is closed under the left multiplication of the (n) products for all n 6 N. A 
conformal superalgebra R with no ideals other than {0} and R itself is called a simple conformal 
superalgebra. The ideal {c G i?|a;(„)C = 0, x S -R, n G N} is called the center of i?. If the center is 
{0} then the conformal superalgebra is said to be centerless. 

Remark 2.3 Right ideals are defined similarly, but they coincides with left ideals. 



Note 2.4 The axiom (V) is not included in the definition of conformal superalgebras in |jj and 
H nor of vertex Lie algebras in 10 , while existence of the conformal vector is assumed for super- 
conformal algebras. We set it into the axioms for conformal superalgebras. 

Suppose given an isomorphism of iC[9]-modules f : R —> R' that is compatible with the (n) 
products where (i?, {(n)} ng ]\j, L) and (i?', {(n)} ng ]\j, L') are conformal superalgebras. We say that 
(i?, {(n)} rag ]\T, L) and (i?', {(n)} nG ]\j-, L') are equivalent to each other. 

Note 2.5 In |7j and |8| the class with respect to the equivalence above is considered. We will 
consider the isomorphism classes, which is stronger than to the equivalence classes. 

The eigenvalue of Lm is denoted by A(x) for an eigenvector x and is called the conformal 
weight of x. Define R k = {x € R\L (1) x = kx}, A R = {k € K\R k ^ {0}} and = A R \ {0}. 

Remark 2.6 We have A(dx) = A(x) + 1 and A(x ( „)y) = A(x) + A(y) -n-l. That is, 
(n) : R p ®R q -> Rp+i- 71 ' 1 . 
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A conformal superalgebra R over C is called a superconformal algebra if there exists a finite- 
dimensional subspace J- such that R — C[d] all conformal weights are non-negative half-integers, 
the even subspace Peven = ©„ e N ^" ana - tne °dd subspace -R 0( jd = ©„ e N+i We cau a 
superconformal algebra R a physical conformal superalgebra if c R 2 (B R^ (BR 1 ® R^ and 
J- C\ R 2 = CL, following the terminology in ||. 

Set R — ©„ e 2 ano - = Span{(9a)(„) + na(„_i)| a S P, n£ Z} where P(„) is a copy of 

P for each neZ. The Lie superalgebra R/J defined by [<Z( m ), 6( n )] = 2j=o f ( a O)^)(ri+m-j) 

is called i/ie Lie superalgebra associated to R. If the conformal superalgebra P is not simple then 
the Lie superalgebra associated to R is not simple. 



3 ^-decomposition 

For a conformal superalgebra (P, {(n)} n€ ^ 7 L), we shall call the subspace {a; G R\L^ 2 ) X S P } the 
reduced subspace of P and denote it by P. We call the elements of the reduced subspace reduced 
vectors. Denote R k = R n P fc , A A = {fc e PJ|P fe 7^ {0}} and A^ = A^ \ {0}. Obviously we have 
//" //". 

Remark 3.1 If the Lie algebra (R 1 , (0)) is perfect then we have L^a = for all a £ R because 
L(2)Oj(o)b = for all a, b £ R 1 . 

We introduce the notion of regular conformal superalgebras. The superconformal algebras are 
regular. 

Definition 3.2 A conformal superalgebra R is regular if R° is the center and if A#n (— ^N) C {0} 
and for each k £ A# there exists some M £ N such that k — m ^ A/j for all m £ N satisfying 
m > M. 



Proposition 3.3 Let (R, {(n)} , L) be a regular conformal superalgebra and R the reduced 
subspace of (P, {(n)} ng ]\j, L). Then there exists a unique decomposition 

m 

3=0 

for any x £ R for some m £ N where x° £ R and x^ £ © fce a' R k f or J > . 

R 

Proof Since R° is the center of R, L( fc ) acts on R/R° for all k £ N. So R/R° has the s/2-module 
structure defined by 

E 1 > i( 2 ), 

H -> -2L {1) , (3.2) 
F 1 ^ -£(o)- 

Consider P = © feeA / Span{x € R/R°\ Ln\x = kx, x U, L( 2 ) x € ^ f° r some submodule [/}. Since 

£(i)P C P, we have a basis {caIasA of P/P° and a function ^ : A — > A' fl satisfying L(i)eA = ^(A)eA 
for all A £ A so that {caIagA' is a basis of P for some A' C A. Consider the s^-module homomor- 
phism / : A(E a' ^ a ~~ > defined by /(«a) = eA where Va is the Verma module of the highest 

weight — 2^(A) with respect to H and v\ is the highest weight vector of V\. Since R is regular / is 
surjective and each Verma module V_2v(X) is irreducible, hence / is isomorphic. Thus we have a 
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unique decomposition x = • d^'x^ for any x G R/R° where a;- 7 G P for all j. Hence P = R/R°, 
so we have the decomposition of the result. The uniqueness is obvious. I 

We shall call the decomposition of Proposition [3.3| the d- decomposition of x and x J ' the j-part 
of x setting — for A(x) — j $ Ar. 

Corollary 3.4 R = K[d)R. 

Corollary 3.5 R is isomorphic to R/{dR) as K-vector spaces. 

Corollary 3.6 A regular conformal superalgebra R over C is super -conformal if and only if the 
reduced subspace is finite- dimensional, all the conformal weights are half -integers, the even subspace 
of the reduced subspace Reven — (B„ e N ^" an< ^ ^ e su bspace R Q ^ = ©„ e ]\f + i R n ■ 

Corollary 3.7 Let R be the reduced subspace of a conformal superalgebra R and i?( n ) a copy of R 
for each n G Z. The Lie superalgebra associated to R is ©„ e z R(n) with the product [<X( m ), &(„)] = 
m 



Ejto [jj (. a U) b ) {n +m-j)- 

Proposition 3.8 For a homomorphism of conformal superalgebras 

f : (R,{(n)} neN ,L) (R', {(n)} neN , V), (A) f(R) C R! , (B) f(R) = Rf if and only iff is 
surjective, and (C) f \pj is infective if and only if f is infective. 

Proof (A) Since = f(L^)a) = LLsf(a) for a € R, it is obvious f{R) C R! . 

(B) Assume that f(R) = R'. Consider the ^-decomposition x' = J2j d^x'i for x 1 G R' . Then 
we have x % G R such that fix 1 ) = x n for all i € N, so /Q^j d^x 1 ) = x. Conversely assume that / 
is surjective. Then for any a' € R' there exists x € R such that f(x) — a', so a' — ^ . d^' f(x?) = 0. 

Since the 9-decomposition is unique, /(a; ) = a' for some x° G R. Hence we have f(R) = R! ■ 

(C) Assume that /|^ is injective. Take x € R such that f(x) = 0. Then £\ f(x^) = 0, so 
we have /(a;*) = for all i £ N. Hence x % = for all z € N, which implies x = 0. The converse is 
obvious. I 

Definition 3.9 Define the (n) product on R for each n 6 N by 

(n) : Rx R -> # 

(a, 6) i-> a (n) fe = (a (n) fe)°, 

where (a(„)6)° is the 0-part of a^b. 

The center of a regular conformal superalgebra i? is {v G W( n )a; = for all x G -R, n G N}. 
Remark 3.10 The (n) products vanish except for finite many (n)s if R is finite-dimensional. 

Let us denote (x; y) = where y is a non-negative integer and x G C, and define 



(2A(q)-n-j-l;j) _ J"^" 1 (2A(q)-n-j-l + fc) 



(2(A(a)+A(fc)-n-i-l);j) — llfc=0 (2(A(a)+A(fc)-n-j-l)+fc) 

r; ( A,V,.A,M,,,. = < AMt%« A(6) "i n "n i " 1 ^" iN ' 

1, for A(a) + A(o) - n — 1 = 0, j = 0, 
0, otherwise. 
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Proposition 3.11 For a regular conformal superalgebra R 

(a (n) by = G(A(a), A(b),n, j)a {n+j) b (3.3) 

where a, 6 G -/?. 

Proof If A(a) + A(6) — n — j — 1 = the both sides are in R°, so the proposition is obvious. 

Otherwise, apply IsL\ to the both sides of fl( n )6 = JZj. ^ ( a (n)^)" ? an d take the 0-parts. The left 
hand side is 

[n+j-i \ 
(Xf 2) o (n) 6)° = (-1)' J] (* + 2(l-A(a))) )(a (n+j) bf. (3.4) 

Taking the 0-part of L 3 ^ Y^j d^' (a( n )6) J , we obtain 

(^ 2) a ( „)&) = n(fc + 2(A(a) + A(6)-n-i-l)-l))(a (n) &)'. ( 3 - 5 ) 



fe=l 

Hence we have 



t Mi I TT -n-fc + 2A(a)-2 . 

{a ^ b) = \H o * + 2(A(o) + A(b) -n-j-1)) Q ^ 



= G(A(a),A(b),n,j)a {n+j) b. (3.6) 



Proposition 3.12 A K -linear map f : R — > R! satisfying f(L) = L' and f(a/ n \b) = f(a)/ n \f(b) 
for all a,b G R, n G N uniquely extends to a homomorphism of conformal superalgebras f : R — > R' , 
where (R, {(fi)} n6 N, L) and (R',{(n)} ne ^,L') are regular conformal superalgebras. 

PROOF Define a map / : R -> R! by /(i) = £V d^f(x j ) where a; G Obviously /(&c) = 
for all x G i?. By Q we have a (n) 6 = £°1 G ( A 0)> A 0)> n, j)d^ a (n+j) b, by (CI) and (C2) 
(cK fc )a) (n) (9«&) = (-l) fe E^=o kmn-k-jy dil ^ ]a (n-k-j)b for all a, 6 G i?, fc, I G N. Hence the (n) 
products on J? is written in terms of the (n) products and the operator d, so f(xr n )y) — f(x)( n )f(y) 
for all x,y € R and n G N, that is, / is an homomorphism of conformal superalgebras. 

Suppose given two extensions / and /' of /. Then /'(9«a) = d^ k 'f(a) — f(d^ k 'a) holds for 
all a G R. Hence the extension of / is unique by Corollary |3.4|. I 



Corollary 3.13 Two conformal superalgebras (i?, {(n)} ng p^, L) and (R' , {(n)} ne ^q, L') are iso- 
morphic if and only if there exists a bijective K-linear map f : R — ► R! satisfying f(L) = L' and 
f( a ( n )b) = /(d)( n )/(&) for all a,b G R and n G N. 

We can reconstruct the ideals of a regular conformal superalgebra (R, {(n)} , L) from the 
triple (i?,{(n)} neN ,L). 

Proposition 3.14 For an ideal I of a conformal superalgebra R, there exists an ideal I of the 
reduced subspace R with respect to the (n) products. Conversely I = K[d]I is an ideal of R for an 
ideal I of R. 
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Proof We may assume that / is proper without loss of generality. Consider the projection 
/ : R — > R/I. We have a projection / : R — > (R/I) with f(a^b) = f{a)( n )f{b) for all a,b G R. 
Set J = ker/. We have c / for all x G R and J = ker/ = if [9]/. The converse is obvious. | 



Corollary 3.15 A regular conformal superalgebra (R, {{n)} ne ^, L) is simple if and only if any 
ideal I of the reduced subspace R is either R or {0}. 

Consider the following properties of the triple (P,{(n)} ne j^,L) for a Z/2Z-graded i^-vector 
space P equipped with countably many products {(^)} ng N on V where L G P: 

(P0) For a,b S P there exists some N G N such that for all n G N satisfying n > N, 

a {n) b = 0. 

(P2) For a, b G P and n G N. 

a {n) b = -{-l) n +*W*% {n) a. 

(P3) For a, b, c G P and n, m G N, 

f;^)G(A(6),A(c) s n ) i)o (m _ J) & (B 



.(_1)p(«)p(6)£^ G(A(a) s A(c),m,j)6 (n _ i> a (ffl+i >c 



3=0 
m+n 

= ^2 F(A(a),A(b), mi n,j)(a {j) b) 

(m+n— j) 

3=0 



where 



F(A{a),A(b),m,n,t) 
= t ( t m k ) ( m + n + k - 1 ) (-l)*G(A(a),A(b),t-k,k). 



k=0 



(PV) L is even and satisfies L(o)<2 = 0, L(\)L = 2L, L^a G P° for all a G P. The operator L(i) is 
diagonalizable. P° is central, ApH(— ^N) C {0}, and for all k G Ap there exists some M G N 
such that k — rn ^ Ap for all m G N satisfying m > M, where P fc = {a G P| = ka} 

and A P = {k G jfifj P fc 7^ {0}}. 

Proposition 3.16 The triple (P, {(n)} ngN , L) satisfies (P0), (P2), (P3), (PV), where P is the 
reduced subspace of a regular conformal superalgebra with the products {(^)}„ e N- 

Proof Only (P3) is n ot ob vious. We shall obtain (P3) by taking the 0-part of the both sides of 
(C3). Apply Proposition 3.3 to the right hand side of (C3) and take the 0-part. Then, 



\ 

7 ) ( a (k) b ) {m+n - k) c ) 



\k=0 





d,k=Q 



c 

(m+n— A;) 
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= + 7™ ^ ) (- 1 ) J G(A(a),A(6),fc,j)(a (fe+j) 6) (m+n _ fe _ j) c 

j,k=0 \ / \ ■' ' 

= £e(T) ( m ^ fc )(-ir fc G(A(a),A(&),fc,t-fc)(a <t) 6) <m+rl _ t)C 

t=0 k=0 V / V / 
m+n 

= F(A(a),A(b),m,n,t)(a {t) b) {m+n _ t) c, (3.7) 



t=o 



which is the right hand side of (P3). On the other hand the 0-part of the term a( m )6(„)C of the left 
hand side of (C3) is, 

rn , . 

(a(,n)b(n)c) a = E ( 7 ) G ( A ( & )' A ( C )' n 'i) a <m-J> & <n+J> C ' ( 3 ' 8 ) 

and for the term &( n )a( m )C 



(6 (n) a (m )c) = X] ( ^ ) G ( A ( a )> A ( c ) J TO ^>(n-j>a(m+ J )C. (3.9) 

Thus we obtained the left hand side of (P3). I 

Example 3.17 For m = and n = 0, (P3) is 

a <0) 6 <0 >c - (-l) p < a ^%)a (0)C = (a <0) &)<o>c. (3.10) 



For m = 1 and n = 0, 



For m = 1 and n = 1, 



a<i)fr(0)c+ A(ft ^ b i (e }_ 2 °<o)fc<i)C- (-irW^)b (0) a (1) c 

= ( a <o)fe)<i>c+ A(a ^| 5) A(6 ]_ 2 ( a (D b )(o) c - (3-11) 



2A(6) - 3 

a ^ C+ 2(A(b) + A(c)-3) a ^ C 

, \ A(6)-A(a) , ,s 

= ( a (o> fo )(2>c+ A(a) + A(fe) _ 2 («(i)&)(i) C 

(2A(a)-3)(2A<6)-3) ^ 



For m = 2 and n = 0, 



2(A(o) + A(6) - 3)(2A(a) + 2A(6) - 5) 



2(A(6) - 1) 
«(2>&(o )C + A(6)+A(c) _ 2 a (1) 6 (1)C 

(2A(b)-3)(A(6)-l) 
(A(6) + A(c)-3)(2A(6) + 2A(c)-5) <0> <2> 



_(_l) P (aM6) 6<o)a<2)C 

, .v 2(A(6)-1) , 

= ( a <o)^)(2)C+ A(a) + A(6) _ 2 (a(i)b)(i)C 

(A(b)-l)(2A(b)-3) , . 

+ (AH + A(6) - 3)(2A(a) + 2A(h) - 5) ( a < 2 > b )<°> c - (3 ' 13) 

4 Reconstruction of the conformal superalgebras 

We can reconstruct the entire regular conformal superalgebra (R,{(n)} ne ^,L) from the triple 
(R,{(n)} neN ,L). 

Theorem 4.1 For a triple (P, {(n)} n£ ]\j, L) satisfying (PO), (P2), (P3) and (PV), there exists a 
regular conformal superalgebra (Rp , {(n)} ne yq , L) whose reduced subspace is P and the products 
satisfies (a(„)6)° = a^b for all a, b e P, n e N. Furthermore the conformal superalgebra is unique 
up to isomorphisms. 

PROOF Consider the left i\T[<9] -module R P = ^K[d] <g> (0 fce(AfA{O }) pk )) © P°, wh ere d is an 

indeterminate and P° is regarded as a left if [<9]-module by <9P° = 0. We omit the (g> for brevity. 
Define A(<9 3 a) = A(a) + j for a e P. Each x e Pp is uniquely written as x = ^^^i 3 
for some i° e P and x-? € ©fee(A P \{o} ^* f° r au •? > Define (n) products on Rp by a( n )6 = 
E°l G(A(a),A(6),n,i)^)a < „ +j) 6and (d^a) {n) (d(%) = (-l) fe E-=o ^Kn-fc-jji ^'^^Cn-fc-j)^ 
where a, 6 G P. It is easy to check that the (n) products satisfy (CO) and (CI), and by direct 
calculation d is a derivation with respect to the (n) products. Now, for a, b G P, 

OO 

_ { _ ir (aM b ) + nJ2(-iy d ^(b (n+j) a) 
3=0 

oo 

= _ ( _i )P (a) P (6)+ n £ (-l)^«G(A(6),A( a ),n + J ,fc)a( fe )(6 (n+J+fe) a) 

j,fe=0 

OO 5 ✓ \ 

= ^^(_i)-fe+ P (aM6)+n+i ( s \ G (A(b),A(a),n + s-k,k)d^(b {n+s) a) 

fe=0 ^ ' 



^ + E ^ ( 2 (a1) f A (l)~- »~- 7-D ' 1 ) W>> (4.1) 



2(A(a) + A(6)-n-s-l) 



where 2Fl ( ;x) = E~o We have a * ( ; l) = gffi^lg for 7 * 

-N and a G -N. If s > 1 and A(o) + A(6)-n-s-l = A(a (n+s) fe) G -±N then <9( s )(a (n+s) &) = 0, 
so we have 



.(_l)PWpW+ n J(_l)j^) (&M)a ) = a(n>6 

A r(2(A(a) + A(b)-n-. S -l))r(2A(a)-n-l) (s) 

^ r(2(A(o) + A(6) - n - s - 1) + a)r(2A(o) - n - s - 1) 1 <n+s> J 

OO 

= ^G(A(a),A(&),n, S )a( s )(a ( „ +s) fe) 

= a (n) 6. (4.2) 
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Then, (C2) is checked for all a — d k x and b = d l y by induction on fc and I where x,y £ P. Indeed, 
assume (d k x) (n) {d l y) = (-1)p( x Mv) £\(-l) 1+n +^ '9^ '(d l y) {n+j) (d k x) for all n. Applying d to the 

both sides we have (d k+1 x) {n) {d l y)+(d k x) {n) (d l+1 y) = (-1)p( x Mv) £\ & +1 {d l y) {n+j) {d k x). 
By (CI) we have 

(d k x) [n) (d l+1 y) 

= n{d k x) {n _ 1) {d l y) + (-lf^^^C-ir+^aW^t/)^.!)^^) 

= (-iy(-)p(y)J2(-l) 1+n+j d^(d l+1 y) [n+j) (d k x), (4.3) 

which implies (C2) for a = d k x and b — d l+1 y. On the other hand 

(d k + 1 x) {n) (d l y) + (d k x) (n) (d l+1 y) 

= ( _i)P(*)P(if)^ ( _i)i+n+i 5 (j) ((9'+ 1 y) (n+ , ) (9 fc a; ) + (a i y) (Ti+j) (9 fc + 1 x)), (4.4) 
i 

thus we have (C2) for a = d k+1 x and b = d l y, which completes the induction. 
For all a £ P, we have 

L {0) (d k a) = d k+1 a, (4.5) 
L {1) (d k a) = (A(a) + k)d k a, (4.6) 
L (2) (d k a) = k(k-l + 2A(a))d k - 1 a, (4.7) 

which imply (CV). 

In order to show (C3), let 

J(a, b, c, to, n, k) 

= a {m) b {n) d k c-(-ir^ b h {n) a {m) d k c-f2 (™) (a U )b) {m+ n^)d k c, (4.8) 

3=0 ^ 7 ' 

where a, 6, c £ P. By (CI) and the Leibniz rule we have 
dJ{a, 6, c, to, n, k) 

= —mJ(a, b,c,m — 1, n, k) — nJ(a, 6, c, to, n — 1, fc) + J(a, 6, c, m, n, fc + 1), (4-9) 

where we understand J(a,b, c, — fc) = and J(a, 6, c, to, — 1, fc) = for all m,n,k £ N. We 
have A(6(„ )( 9 fc c) - A(d k c) = A(b) - n - 1, so J(L, 6, c, 1, n, fc) = for all n, k £ N. By (P3) and 
the definition of £(1), J(L, b, c, 2, n, 0) = 0. Substituting them into (4.9) for m — 2 we obtain 
J(£ , 6, c, 2, n, fc) = for all n, k £ N by induction on k. On the other hand taking the 0-part of 
(4.9) we obtain = — m J(a, 6, c, m — 1, n, fc) — nJ(a, b,c,m,n— 1, fc) + J(a, 6, c, to, n, fc + 1)°. By 
induction on fc we have J(a, 6, c, m, n, fc)° = for any to, n, fc e N. 
Consider 

B(a, b, c, to, n) = a (m) 6(„)C - (-l) p(aMb) b (n) a im) c - £ (™) ( a (#) ( „ i+n _,) c , ( 4 -10) 

where a, 6, c € i?p. By (CI) and (C2), it suffices to check B(a,b,c,m,n) = for to, n £ N 
where a,b £ P and c 6 Rp. We have B(a,b,c,m,n)° = for a,b £ P and c 6 i?p be- 
cause J(a, 6, c, to, n, fc) = for all fc £ N. If A(B(a, b, c, to, n)) = then B(a,b,c,m,n) = 
B(a, b, c, to, n)° = 0, so we may assume A(B(a, b, c, to, n)) ^ 0. By (4.7) we have 

((L {2) ) k B(a, b, c, to, n))° = (2(A(a) + A(6) + A(c) - to - n - 2 - fc); fc) (5(a, 6, c, to, n)) fe . (4.11) 
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The coefficients on the right hand side never vanish because A(B(a, b, c, m, n) k ) ^ — |N, hence B k 
is proportional to ((L( 2 )) k B)° . Since J(L, b, c, 2, n, k) = 0, 

L(2)B(a,b,c,m,n) 

= -(n+ 2(1 - A(a)))B(a,b,c,m + l,n) 

-(to + 2(1 - A(b)))B(a, b, c, to, n + 1) + B(a, 6, L (2) c, to, n), (4.12) 

(L( 2 )) fc i?(a, 6, c, to, n) is written by a linear combination of some Bs. Thus we have B k = for all 
k € N, which implies (C3). 

The reduced subspace of Rp coincides with P itself. The uniqueness follows from Corollary 

jui i 



The following lemma plays an important role in later sections. 
Lemma 4.2 



a (p) b (q) C = ^2 r i b {q-3) a {p+3) C+ S o{ a {3) b ){'P+q-i) i 



(4.13) 



for some rj , Sj <E K where o,i,c€i?, p,?€N. 



Proof Denote (P3) m ,„ for (P3) specifying m,n. For p = 0, (4.13) follows from (P3)o, g - Suppose 
([4.13D holds for all p < k and q e N. (P3) k +i, q implies (|4.13|) for p = k + 1. | 



Proposition 4.3 Consider a regular conformal superalgebra (R, {(n)} n( .-^ , L) . Let S be a subset 
of the reduced subspace R and Is the ideal generated by S. Then for a basis B with an order < on 
B, 

Is C\R = Spun {v 1 {ni) v 2 {n2 y ■■ v r {nr) u\ v k e B, u e S, n k e N, v l < v i+1 } . (4.14) 
Proof Set 

Fpls = Span{w 1 („ 1 )W 2 („ 2 )W 3 („ 3 )- • ■v r {jlr ' ) u \v k ,u e S, n k e N, r < p) . (4.15) 



By Lemma 4.2, v t ni \v i n2 \v ( n3 \- ■ ■ v r tn r ) u is written by a linear combination of these elements 
with v l and v l+1 swapped (but n/s may differ) as an element of (Fil s) / '(Fi-il s) ■ Hence we have 

Fpl s = Spanju 1 ^)^^)- • ■v r {rir) u \ v k G B, u G S, n k G N, r < p, v l < v l+1 } . (4.16) 

Since Is PI R = ^2 p F p Is, thus we have the result. I 

Let V be the category of triples (P,{(n)},L) satisfying (P0), (P2), (P3), (PV) where P is a 
vector space, {(n)} is a set of products on P, and L is a vector in P, with the morphisms being 
the linear maps that commute with all the (n) products and preserve L. We can summarize this 
section: the category of regular conformal superalgebras is equivalent to the category V by the 
functor F(R) = R and F(f) = f\ k . 



5 Physical conformal superalgebra 

In this section we will study physical conformal superalgebras. One can reduce the axioms for 
conformal superalgebras into some simple relations. We shall assume K = C hereafter. 

A regular conformal superalgebra R is physical if and only if the reduced subspace R satisfies 
the following. 
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— Eigenvalues of Ln\ on R are 2, |, 1 and ^. 

— .R 2 = CL. 

— _R 3 / 2 and -R 1 / 2 are odd subspaces. 

— R 1 and -R 2 are even subspaces. 

All the (n) products vanish except for the (0) product and the (1) product for physical conformal 
superalgebras. 

Let R be a physical conformal superalgebra and R be the reduced subspace. Consider the 
products on R defined by, 

a o b= l A(aX)- 2 > forA(a) + A(6)-2^0 ! 
[ 0, otherwise, 



a 



•b = a {0) b 



Obviously we have 

(DO) L°a = a, L'a = 0, 

(Dl) a°6= (-l) p( - a W>1b°a, 

(D2) a»b = -(-l) p{a)p{b) b*a. 

Rewriting the relations in Example |3.17| in terms of the product ° and the product • we obtain 
(D3) (AO) - l)a°6°c = (A(6) - l)(a°6)°c, 

(D4) (A(6) + A(c) - 2)a ° b ° c - (-l) p ^ p W (A(a) + A(c) - 2)6 ° a ° c 

= (A(6)- A(a))(a°6) °c, 

(D5) (A(a) + A(6) + A(c) -3)a°6»c + (A(b) - l)a*6°c 

_(_!)p(a)p(6) ( A (a) + A(c) - 2)6«a°c 
= (A(a) + A(b) + A(c) - 3) (a • 6) ° c + (A(6) - 1) (a ° 6) • c, 

(D6) a'b'c- (-l) p ^ p ^b*a*c = (a»6) »c. 

Let us denote V = R 3 ^ 2 , A = R 1 , F = R 1 ' 2 for a physical conformal superalgebra R, following 
the notations in ^ . That is, R is decomposed into R = CL © V ® A F. Define the inner product 
(•, •) on V by a(o)& = (a, b)L. Consider the following properties: 

(HO) L° = id, L* = as operators on R, 

(HI) (R, •) is a Lie superalgebra, 

(H2) (R, ° ) is an associative commutative superalgebra, 

(H3) A* gives derivations with respect to ° , 
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(H4) u°V f = (u°v)* f + (u*v)° f, for u, v e V and / G F, 

(H5) (it ° + u* ) 2 v — (u, u)v, for u, v e V, 

(H6) (u ° + u • ) 2 a = («, u)o, for u E V and aeA 

Proposition 5.1 For the reduced subspace R = CL <3)V © A(& F of a physical conformal superal- 
gebra, the products ° and * have the properties (HO-6). 

PROOF (D2) and (D6) yield (HI). The product ° is commutative by (Dl). We have (A (6) - 
\)a°b°c = (-l)p( a )p( c )+p( fc )p( c )(A(6) - l)c°a°b by (Dl) and (D3). If A(o) = A(b) = A(c) = 1 
then the both sides are because A(a) + A(6) + A(c) — 4 = —1. So we may assume A(b) 7^ 1 
without loss of generality, hence a°b°c= (— i)p(°)p( c )+p( f> )p( c ) c o a o^ j thus tt o(,o c - (a°6)°c, we 
have (H2). For the others, let 

Q(x,y,z) = (A(x)+A(y) + A(z)-3)x°yz + (A(y)-l)x*y°z 

-(-1)p(*Mv)(A(x) + A(z) -2)yx°z- (A(y) - l)(x°y)'z 

-(A(x) + A(y) + A(z) - 3){x'y)°z, (5.1) 

and 

P(x,y,z) — (A (as) — l)x°yz + (A(y) - l)x'y°z-(-l) p W p ( y \A(y) - l)y°x-z 

_(_ 1 )K^)pfe)(A( I ) - l)yx°z-(A(x)+A(y)-2)(x'y)°z. (5.2) 

It is easy to check (A(x) - l)Q(ar, y, z) + (A(y) - l)(-l)P^P^Q(y, x, z) = {A(x) + A(y) + A(z) - 
3)P(x, y, z). Since if A(x) + A(y) + A(z) — 3 = then the both sides are 0, so we have P(x, y, z) = 
for all x,y,z & R because Q(x, y, z) — for all x, y, z e -R by (D5). P(ar, y, z) = for A(z) = 1, 
(A(a), A(y), A(z)) = (i, | , f ), (|, | , |) and (§, §, 1) imply (H3), (H4), (H5) and (H6) respectively. 
I 

(H4), (H5) and (H6) imply the following. 

Proposition 5.2 The reduced subspace R of a physical conformal superalgebra is a left C1(V, (•, •))- 
module by the action vx — v° x + v* x, where v € V and x € R. 

Thus we have obtained the action of the Clifford algebra Cl(V, (•,•)) 011 the associated Lie 
superalgebra, where V is the space of the reduced vectors with the conformal weight | . The action 
is discussed in ||. 



Corollary 5.3 The Clifford algebra C1(V, (•, •)) acts on the associated Lie superalgebra of a physical 
conformal superalgebra, where V is the s 
inner product defined by (u, v)L — u^v. 



conformal superalgebra, where V is the space of reduced vectors of the conformal weight | with the 



Furthermore we have the converse of Proposition 5.1 



Proposition 5.4 Suppose given a finite- dimensional 7i/2Z-graded vector space R with the decom- 
position R = CL © V © A © F with respect to a weight A, where A(V) = 3/2, A (A) = I, and 
A(F) — 1/2 with the parity p(CL) = p(A) = and p(V) = p(F) = 1, and two products and * 
with the weight A(x»y) = A(x) + A(y) - I, A(x°y) = A(x) + A(y) - 2. If (R, • , ° ) have the 
properties (HO-6) then the triple (R,{(n)},L) is a physical conformal superalgebra where we set 
a/Q\b = a'b, an\b = (A(a) + A(b) — 2)a°b and a/ n \b = for n>2. 
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Proof (PO), (P2) and (PV) are obvious. It is easy to check that (P3)^ b „ is equivalent to 
(P3)^ a m , hence (DO-6) are sufficient to (P3). Only (D5) is not obvious since (DO) is (HO) itself, 
(Dl) and (D6) follow from (HI), and (D2), (D3) and (D4) follow from (H2). Let P and Q be as 



in (jy) and (5.2). Then, (HI) and (H2) imply 



- (-1)K»)pWp( X) z, y ) + (-ijpWptsl+PWpWp^ Zi x ) = (-1)pWpWq( X] Zj y ) ) (5.3) 

hence if P{x,y,z) = for all x,y,z £ R then we have Q{x,y,z) = for all x,y,z £ R, which 
implies (D5). Let us show P(x,y,z) = for all x,y,z £ R. Since P satisfies P(x,y,z) = 
-(-l)p(*)p(y)p(y )X ,z) a nd(-l)P( a; )P^(A(z) - l)P(x,y,z) - (-I^MvHpCiOpW (A(y) - l)P(x,z,y) 
= -(-l)P^)p( z )(A(a;) - l)P(y,z,x), we have (1) P{x,y,z) = P(y,x,z) = and (2) if 
A(x) 7^ 1, P(x, y, z) = A P(x, z, y) = P(y, z, x) = 0. So it suffices to consider the following 
cases: (A(x), A(y), A(z)) = (§,§, |), (|, 1, |), (§, 1, 1), (§, f , 1), (±, §, §). (H3) gives (§, 1, §) and 
(§,1,1). (H5), (H6) and (H4) imply (§,§,§), (§,§,1) and (|, §, §) respectively. Hence (D5) is 
shown for all x,y,z £ R. I 



6 Simple physical conformal superalgebra 

In this section we will describe some properties of simple physical conformal superalgebra. A 
criterion for simplicity is given. Let R be a simple physical conformal superalgebra, R the reduced 
subspace, V — R? , A = R 1 and F = R? . 

The following result is stated in j?J and ||: 

Proposition 6.1 Let R be the reduced subspace of a simple physical conformal superalgebra. Then 
the inner product (•, •) on V is nondegenerate. 

PROOF Set V° = {v 6 V\ for allu £ V (u, v) = 0} and consider the ideal I v o generated by V°. 
Fix a basis B of R and take an order on B such that a < b if A (a) < A (b). Set 
F p J = Span-jV^^x 2 ^- • -x k ^v \x r £ B, v £ V° , x l < x i+l , k<p). Obviously L F J. 
Take any u,v £ V, Vq £ V , x r £ B. Since v*vq = 0, we have x /^y x p u t \v * Vo = in 
FpJ/Fp-iJ. By (D5) we have 

x 1 ■ -x p ~ 2 {ip _ 2 )Wu°v = x 1 ■ -x p ~ 2 {ip _ 2) {-^U*V°VQ) 

= X 1 {il yX p - 2 {ip _ 2) {^VU°V ) 

= 0, (6.1) 

in F p J/F p -iJ. By (D3) we have x 1 ■ ■ x p ~ 2 {lp _ 2) v° u° v = in F p J/F p -iJ. A{x {n) y) > A(y) 
occurs only when x £ V, thus we have L ^ J2 P FpJ- By Proposition J2 p F p J = Jv° l~l -R, hence 
/yo is proper unless y° = {0}. I 

Now, let P 3 = {/ e F\v 1 i o)V 2 {Q)V 3 {0 )f = for all v k £ V}. 

Proposition 6.2 A physical conformal superalgebra R with V ^ {0} is simple if and only if 
P 3 = and the inner product is nondegenerate. 

Proof Suppose that the inner product on V ^ {0} is nondegenerate and R is not simple. Take 
I a proper ideal of the reduced subspace R. I is decomposed into I = (I H CL) © (I n V) (I n 
A) © (I n P) by the action of L( X ) . /nCL= {0} because I ^ R. In particular J n V = {0} since 
the inner product on V is nondegenerate. I is a C1(V, (•, -))-module because / is an ideal. The 
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Clifford action of a unit vector in V yields an isomorphism of vector spaces between / n (CL © A) 
and I n (V © F), so if I n F = {0} then / = {0}. Since L £ I we have I f] F C F 3 while J 7^ {0}, 
thus F 3 7^ {0}. 

Conversely assume F 3 7^ {0}. Let I be the ideal generated by F 3 . Apply Proposition [4.3| for 
S = F 3 taking an order such that x < y if A(x) < A(y). Take / G F 3 , G V, (i = 1, 2, 3), and 
neA Then, 

v 1 *v 2 *v 3 'a'f = a*v 1 'v 2 *v 3 *f-{a*v 1 )'v 2 *v 3 »f 

-v 1 • (a • u 2 ) • v 3 • / - v 1 • v 2 • (a • v 3 ) • / 

= 0, (6.2) 

so A • F 3 C F 3 . Applying (D5) for any a,b <EV and c£ F 3 , we have a°b*c— (a'b)° c+(a ° 6) • c G 
F 3 + A* F 3 = F 3 , hence F 3 = I (1 F. Thus we have L ^ F so I is proper. | 

Proposition 6.3 Let R be a simple physical conformal superalgebra. Then the map 

t : C1(V, ( v )) -» £, 

ViV 2 ■ ■ ■ V r h-> (vi ° + Wi • )(w 2 + «2 * ) ' ' ' (V r ° + V r • )L, 

is surjective unless V ° V ° V = im'tt V 7^ {0}. 

Proof Suppose V — {0} and the map 1 is neither zero nor surjective. Then the subspace AffiF 
is closed under the (0) product and the (1) product, so A + F generates a proper ideal. Otherwise 
suppose V V V 7^ {0}. Take / the ideal of the reduced subspace R generated by S — V V ° V. 



We have A* S C S by (H3). V °V • S C A* S + S C S because of (H4). Apply Proposition y 
taking an order so that x < y if A(x) > A(y). Then we have I D F = S, so S — F because R 
is simple and S 7^ {0}. Take a unit vector e of 7. R is a C1(V, (•, -))-module and the Clifford 
action of e yields an isomorphism between CL © A and V © F. Since V r ffiF = FffiS'c Inu, so 
CL (B A C Inu, thus the map t is surjective. I 

We shall denote the conformal sub-superalgebra generated by Inn by R L . 

7 Invariants 

Let R be a physical conformal superalgebra, R the reduced subspace, V = R% , A = R 1 and 
F = Rz . Consider the trilinear map defined by 

rf.V xV xV 

(it, v, w) i— > U * V ° 10, 

and the bilinear form (•, -)vav on V A y defined by (u A u, m A z)v A i/i = tt • ry(u, u>, z). The form 
is well-defined on V A V because u* v* w° z = —u • v* z° w and 

u*v*w°z — (u*v)*w°z — v*u'w° z 

= —v*u*w°z. (7-1) 

The form (•, - )vav is symmetric because 

u*v'w° z — —u* W* V z — U* V w* z — u* w° V z + 2u* (v ' w) z 

= —w * u* z° v — (u, v)(w, z)L — (u,w)(v, z)L + 2(w, z)(v, w)L 

—2(w, v)(u, z)L — (u, v)(w, z)L — (u, w)(v, z)L + 2{u, z)(v, w)L 
= w*z'u°v. (7.2) 

The form (•, -)vav is invariant under isomorphisms of physical conformal superalgebras. 



15 



Proposition 7.1 Let f : R — > R' be an isomorphism of physical conformal superalgebras. f 
induces an isometric transformation fAf : (VAV, (•, -)vav) ~ > (V'AV, (•, -)v'/\V') where V = R'^ . 

Proof For an isomorphism / we have 

(u Av,w A z)f(L) = f((u Av,w A z)L) 

= f(u*v'w°z) 

= f(u)'f(v)'f(w)°f(z) 

= (f(u)Af(v)J(w)Af(z))f(L). (7.3) 



Furthermore we can reconstruct the products ° and • on l(CI(V, (•, ■))) from the form (•, -)vav 
for simple physical conformal superalgebras. 

Proposition 7.2 Let R be a physical conformal superalgebra and R the reduced subspace. Consider 



the map i of Proposition 6.1 and the map r\. Then x^y is uniquely determined by the pair (t, 77) 



for all n S N where x, y G R L . 

PROOF The actions V and V • are uniquely determined by t and 77, since 

u°v = —i(uv — vu), (7-4) 

u°v°w = i(uvw) — l(t)(u, v, w)) — («, w)vi>(u), (7-5) 
u*v°w°z — l(uvwz) — L{ur}{v,w, z)) — (w, z)vi'(uv), (7-6) 

u*v — —t(uv + vu), (7-7) 

u»v°w = i(ri(u,v,w)), (7-8) 
u°v*w°x°y = (u°v)'w x y+(u'v) w x°y 

= —r)(w, u,v)° x°y — w° r](x, u,v)°y — w°x° 77(7/, u, v) 
= —i(r)(w, u, v)xy) — t(wn(x, u, v)y) — L(wxr)(y, u, v)) 

+l(j](j](w, u, v), x, y)) + l(t}(w, t)(x, u, v), y)) + l(t)(w, x, r)(y, u, v))) 
+ (x, y) v i,(j](w, u, v)) + (t)(x, u, v), y)yt(w) + (x, 77(7/, u, v)) v i(w), (7.9) 
u m vw°x°y = i(uvwxy) — i(uvr)(w,x,y)) — (x,y)vt-{uvw) 

+t(r](w, u, v)xy) + i(wn(x, u, v)y) + i(wxn(y, u, v)) 

-7(77(77(77;, u, v), x, y)) - i(r)(w, <rj(x, u, v), y)) - 1(77(77;, x, <rj(y, u, v))) 

-{%, y)v'(i/(!f, u, v)) - (t)(x, u, v), y) V i{w) - (x, r)(y, u, v)) v i(w). (7.10) 

By Lemma ff.2| we have (b^ q yc)^a — r j^{q-j) c {p+j) a + s ] c {p+q-j)^{j) a f° r some rj,Sj G K, 
hence all (v © x)@ are written in some vQs and xQs where v G V , x G Inu and © denotes any of 
and • . Since Inu = CL © V © {{V V) + (V • V V ° V)) © (V V V), we have the results. | 



Denote Cl n (V, (-,-)) = Spa,n{v lV2 ■ ■ ■ v k \v t G V, k < n}. (|rj), (jTj) and (|7J) imply the 
following. 

Proposition 7.3 Let R be a sim ple physical conformal superalgebra and R the reduced subspace. 
For the map 1 of Proposition we have R L = t(Cl 4 (V, (■, •))). Furthermore ifV°V°V = {0} 
then R L = l(C\ 2 (V, {■,■))). 
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8 Classification of simple physical conformal superalgebras 



We start classification of simple physical conformal superalgebras. We will follow the notations 
Vir, Ki, K 2 , K3, S 2 , W 2 , and CKq given in || and Q. By the results of the preceding sections all 
that we have to do is listing up the left C1(V, (•, -))-submodules of Cl(y, (•, •)) and the symmetric 
forms 011VAV appropriate to reconstruct simple physical conformal superalgebras. 

Fix a vector space V with the nondegenerate inner product (•, •) and consider an orthonormal 
basis {e 1 ,e 2 , e N } of V. Set D° k = D k = -^(e 2k -i + ie 2k ), D\ = D k = D k = -^{e 2 k-i ~ ie 2k ), 
and D w = D™ 1 D™ 2 ■ ■ ■ D%« where n = [N/2\, w e (Z/2Z)" and w, denotes the ith binary digit 
of w. We have the following theorem for the decomposition of left Cl(l / )-module C1(V).(@|) 

Theorem 8.1 The left Cl(V)-module C1(V) is completely reducible. The irreducible decomposition 
is given as follows. If N — 2n then 

C l(V)= M[w), (8.1) 

u;6(Z/2Z)« 

where M{w) = Cl(V)D w . IfN = 2n+l then 

Cl(V) = {M + (w)(SM-{w)), (8.2) 
™e(Z/2Z)™ 

where M ± (w) = C\{V)D w (l ± e N ). 



Proposition 8.2 Let R be a simple physical conformal superalgebra with dim V < 3. Then R is 
isomorphic to one of Vir, Ki, K 2 , K 3 . 

Proof If dim V = then the map 1 is surjective, so R is isomorphic to Vir. Otherwise by 

/ dim V 



Proposition "±2 dimF < I ^ J for a simple physical conformal superalgebra R, so R = R L for 

V ^ {0} unless dim\/ = 3 with V°V°V = {0}. If dim V = 1 then we have V A V = {0}, so the 
conformal superalgebra R — R L is unique, which is K\. If dimF = 2 then dimV^ A V = 1. Since 
£>i • Di • Di Dx = L by (D5), so the only possible form (•, -)vav is (-Di A D\, D\ A Di)vav = !• 
Hence ken = {0} because otherwise the form (v)vav — 0, thus the conformal superalgebra 
R = R t with dimV = 2 is unique, which is K 2 . If dimV = 3 then T) x ' T>\ ' D\ T) x = L, 
Di • e 3 • Z?i e 3 = 0, D\ • e 3 • B\ e 3 = and D\ • e 3 • B x e 3 = —L by (D5). So the possible form 
('> -)vav is uniquely determined, which is nondegenerate. Hence kert = {0} because otherwise the 
form (■, -)vaV is degenerate. Thus the conformal superalgebra R L with dim V — 3 is unique, which 
is K 3 . V°V°V ^ {0} for K 3 , so R = K 3 . , 

Consider the polynomial ring X n — C[a;i, x 2 , ■ ■ ■ , x n ] of Grassmann indeterminates. X n is 
decomposed into X n = (BsgZ 71 ^y the multidegree of polynomials. Define the action of C1(V) 
on X n by A/ = VlXif and DJ = \/2dJ for / e X" where 9, denotes H N — 2n then 
the action p : C\(V) — » End(X") is an isomorphism, so for a left ideal of C1(V) we have an 
isomorphism of vector spaces pi : Gl(V)/I Hom(n 1 „ e v7 ker p(D w ), X n ), where W C (Z/2Z)™ 
and J = ©„, eW M(w). Hence Cl(V)/I is decomposed into 

Cl(7)//= (Cl(7)/7) t , (8.3) 
te{-i,Q,i}™ 

where (Cl(V)/I) t = {116 (C1(V)/-0I /Oj(u)(n w£W ker p(D w ) fl^') C for all s e Z n }. Denote 
the projections 7r/ : Cl(y)/7 — > (Cl(V")//)t. If iV = 2n + 1 then we have a decomposition as left 
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Cl(7)-modules C1(V) = Cl(V/Ce N )(l + e N )®C\(V/Ce N )(l-e N ). So we have an isomorphism p I : 
C\{V)/I ^ Rom(n weW + ker p{D w ), X n ) ® Uom(n weW - ker p(D w ), X n ), where W ± C (Z/2Z)™ 
and I — {® weW + M + (w)) {(B weW - M~(w)). Hence the decomposition is 

ci(V)/i= (ci(v)//)+e (ci(V)/i)j. (8.4) 

te{-i,04}" te{-i,o,i}" 

Denote the projections 7r t /=t : C\{V)/I -> (C\(V)/I)f. 

Consider oiij G C defined by a^jL = Di • Di* Dj ° Dj for i,j G {1, 2, • • • , n) and 0i,jk,l £ C 
by Pi,j,k,lL = A • Dj * D k ° Di for i,j 2 k,l G {1, 1, 2, 2, • • • , n, n}. We have 
A • Di • D, ° Dj = (1 + a 4 D, • D, • D. ( ° Dj = (1 - a ld )L and a itj = a jti . 

Proposition 8.3 Let R be a simple physical conformal superalgebra with dimV^ > 4. Then dvcciV 
is one of A, 6, 8. Furthermore if V °V °V — {0} then dim V = 4. 

Proof Suppose given a simple physical conformal superalgebra R with dim V = 2n + 1 where 
n > 2. For an arbitrary u G Z/2Z we have 

= -(e 2 „ +1 °D0*(A°Dj)-(A°Dj)'(e 2n+1 °A) 
= (Di • e 2n+1 o Di) ° DJ + A ° PJ ' e 2 „+i ° A) 

+ (e 2 „+i • A ° Df) ° A + e 2 „+i ° (A * A ° AJ). (8.5) 

Apply 7T^ ert+ + 7r t kcr ' '~ to the both sides where all digits of t are except for t 3 = (— l) u . Then 
we have {{-l) u a id + 2)e 2 „+i ° DJ = 0. If e 2 „+i ° D V = then = e 2n+1 • e 2 „+i ° DJ = DJ, so we 
have ajj = — (— 1)"2 for an arbitrary u G Z/2Z where i,j = 1, 2, • • • , n. Hence R does not exist. 

Suppose given a simple physical conformal superalgebra with dim V = 2n and n > 4. Consider 
S c (Z/2Z) n such that ker t = I = s£lS M(s). By Proposition |?\| C1(V)/J = Cl 4 (F)/7, so we 
have 7tf = if #{fc G N| t fc ^ 0} > 4. Hence t^D 1 ") = tt^(l(D w )) = for an arbitrary w G (Z/2Z)™ 
where tj = (— l) 1 " 4 , so S = (Z/2Z)™, that is, the map i is the map, thus we have the result. 

If V ° V°V = {0} then we have dim V = 4 in the same way by 0100/7 = Cl 2 (V r )/J. | 



Proposition 8.4 A simple physical conformal superalgebra R with dim]/ = 6 is isomorphic to 
CK 6 

Proof Suppose given a simple physical conformal superalgebra R with dim V = 6. The map i 
is surjective. For all i,j, k G N satisfying {i,j, k} = {1, 2, 3} we have 

= (A°A) , Pfc°A) + (A A)*(A A) 
= {Di • A ° A) ° D fc + Di ° (A • A ° A) 
+(A • A ° A) o a + A ° (A ' A ° A) 

= {a itj +a itk )D j °D k + ---. (8.6) 

Applying 7rk crt to the both sides where all trial digit of t is except for the ith and the jth, 
U = tj = — 1, we have (aij + oti tk )Dj ° A = 0. Hence we have (ctjj + ai yk ){aj,k + 1) = applying 
Dj • D fe • to the both sides. Similarly for = ( A ° A) * 0k ° A) + (A ° A) * (A ° A) and the 
term D 3 ° A we have (ct!jj — ai ! / c )(«j,fc — 1) = 0. It is easily checked that the solutions of the above 
equations are a — (ai. 2 , a 2 ,3, 0:3,1) — (0,0,0), a = (—1,-1,-1), a — (—1,1,1), a = (1,-1,1), 
a = (1,1,-1). If a = (-1,-1,-1) then we have D^Dj = and D i °D j = for all i,j = 1,2,3, 
which implies Df 1 °DJ 2 °D™ 3 = for all w = (w 1 ,w 2 ,w 3 ) G (Z/2Z) 3 where {i,j,k} = {1,2,3}, 
so R = 0. In the same way R = for each a = (—1,1,1), a = (1,-1,1), a = (1,1,-1). If 
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a = (0, 0, 0) then the set {D\ 
the relations = (Dp 



°l?? a \i?j, w e (Z/2Z) 



} is linearly independent. Considering 

2 



DJ 2 ) * P fc 1 ° ) + O £)-2 J . o ) for aU w ^ w , e (Z/2Z) 

and i, j,k,l G {1, 2, 3} in the same way, we have Pi t j,k,i = if {% , j, fc, 1} ^ {s, s, t} for any s, i G 
{1,2,3}. Consider the map l for this case. By Proposition 7.3 we may assume D1D2D3 G kert. 
If we have DJ 1 ° D™ 2 ° D™ 3 



2 7^ for some w G {(1,0,0), (0, 1,0), (0,0, 1)} then R is not simple by 



Proposition |6.2|. Hence D™ 1 ° D™ 2 ° D™ 3 = for all w G {(1, 1, 1), (1, 0, 0), (0, 1, 0), (0, 0, 1)}. Thus 
the simple physical conformal superalgebra structure on this space is uniquely determined, which 
is CK&. I 



Proposition 8.5 Simple physical conformal superalgebras with dimV^ = 8 do not exist. 



Proof Suppose given a simple physical conformal superalgebra R with dimV = 8. The map 
l is surjective. Then we have (oi%,j + otj,k){cti,k + 1) = and (ctjj — aj.k){cti^ — 1) = for all 
distinct i,j,k. It is easily checked that the set of solutions a = (ai.2, ai,3, «i,4, «2,3, «2,4, 0^3,4) is 

{(0,0, 0,0, 0,0), (1,1, 1,-1, -1,-1), (1,1, -1,-1, 1,1), (1,-1, 1,1, -1,1), (1,-1, -i,'i, 1,1), 

(-1,1, -1,1, -1,1), (-1,1, 1,1, 1,-1), (-1,-1, 1,-1, 1,1), (-1,-1, -1,-1, -1,-1)}. For the non- 
zero solutions we have Dp Dp Dp Dp = for all w G (Z/2Z) 4 where {i,j,k,l} = {1,2,3,4}, 
hence R = 0. If a = then the set {Dp °Dj 2 \i ^ j, we (Z/2Z) 2 } is linearly independent, so 
= if {i,j,k,l} ^ {s,s,t,t}ioi any s,t G {1,2,3,4}, which implies t(Dp Dp Dp Dp) = 
if and only if Dp • Dp Dp Dp = 0. Suppose t(Dj° 1 Dj 2 D™ 3 Dj' i ) = for some iu G (Z/2Z) 4 
where {i,j,fc,Z} = {1,2,3,4}. Then 
cause of (H4), so we have i(D Wl 
R = 0. 



D 



Wl + l , 



. r> w 2 o n w s 
u 3 u k 



DJ 2 ° Dp ° Dp be- 



L D W2 n"' '• n"' 1 



Dp Dp) = 0. Since kert ^ {0} by Proposition |7J, thus 



Proposition 8.6 For a simple physical conformal superalgebra with dim = 4 £/ie /orm (•, -)vaV 
is as given on table [|/or some a G C. 

Table 1: The form (•, ■) VAV for dim V" = 4. 



('1 ')VAV 


Di ADi 


D 2 A D 2 


Di A D 2 


Di A D 2 


Di AD 2 


Di A D 2 


D 1 ADi 


1 


a 














D 2 AD 2 


a 


1 














Di A D 2 

















-(1 + a) 


Di A D 2 














-(1-a) 





Di AD 2 











-(1-a) 








Di AD 2 








-(1 + a) 












Proof The table |l| is obtained by using the following formulae: 



D 2 Q < 



Do = 



D 



a+l , 



D\ 



0, 

0, 

-Dp 



D^ o £)p 



= Dp D^ • D? 



a+l 



DJ 



D\ + (- 



Do 



> DJ • Dp 1 - 2(DJ • D£) ° Dp 

l) Q+h ^ 2 , 

l) Q+b aDj, 



(8.7) 
(8.8) 



(8.9) 
(8.10) 
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where a, b G Z/2Z 



Remark 8.7 The form (•, -)vav of Proposition 8.6 is given by 

(e, A ej-,efc A ei) V /\v = -ae i]k i + SjkSil - hk^jl, ( 8 -H) 
where tiju is antisymmetric with £1234 = 1. 

On the other hand we have the following proposition. 

Proposition 8.8 A physical conformal superalgebra structure exists on Cl(V^) where dim V = 4 
with the form (•, -)v/\v described in Table an each a G C. 



Proof By Proposition 7J2 the form (•, -)vav determines the products and • on C1(V) f or a n 
arbitrary a 6 C. It is easily checked that they have all properties (HO-6). By Proposition |5.4| a 
conformal superalgebra structure is determined on C1(V) for each a E C. | 

We shall denote thus obtained family of physical conformal superalgebras by {N"} a€ Q. N" is 
equivalent to N® changing the conformal vector L to L a = L — §-<9ei • e 2 e$ ° e 4 except for a 2 = 1. 
For a 2 = 1 we shall denote N4 — (N®, (n), Li), which is isomorphic to (JVj, (n), £-1). 

Note 8.9 The conformal superalgebra K4 is written down in The physical conformal super- 
algebra N® is isomorphic to the subalgebra of K 4 generated by the primary vectors other than 



Proposition 8.10 N" and N 4 are isomorphic if and only if a 2 = 1 . 

PROOF_ Set Ex = £>! A D x , E 2 = D 2 A D 2 , E 3 = D x A D 2 , E 4 = D t A D 2 , E 5 = D 1 A D 2 , 
Eq = D\ h D 2 . The characteristic polynomial of the matrix Mij — (Ei, EAvav is ((t + 1) — 



a )({t — 1) — a ) , which is invariant under automorphisms by Proposition 7.1. Hence if AAf and 



iVf are isomorphic then a 2 = ft 2 ■ Conversely suppose /3 = —a. Consider the map / : V — > V 
defined by /(ei) = e 2 , /(e2) = ei, /(efc) = f(ek) for all k > 2. Because keri = {0}, / extends to 
an automorphism of conformal superalgebra, which maps a to —a. I 

For their simplicity we have the following. 
Proposition 8.11 N" is simple if and only if a 2 7^ 1. 

Proof Consider the bilinear form (•, ■) on V A V A V defined by (ui A u 2 A U3, v± A V2 A i>3)I/ = 
U3*u 2 *ui*vi°v 2 °V3. Denote fo j = Di A Di A Z?j and j = 5j A A A D., and take the basis 
{Ai. hj\ = i 1 - 2}} of F A T/ A V. Then we have (/«,/*,!) - (/ij,/fc,j) = C 1 ~ "'Vi.kSj.i, 

{fi,jifk,l) = (fi,j,fk,l) = 0. So the form (-,-) is symmetric, and is nondegenerate if and only if 
a 2 1. By Proposition |6.2| , iV™ is simple if and only if a 2 ^ 1. I 

In particular AA4 is simple, so we have the following corollary. 
Corollary 8.12 N4 is simple. 
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Note 8.13 A one-parameter family of superconformal algebras that is called the large N = 4 
superconformal algebra is written down in pj| |. In (2), (3), (4) of jllj set 7 = (J3+ 1)/2 and replace 
the central terms by 0. Fix the conformal vector L(z) = Y2 n eN L n z~ n ~ 2 . If (3 2 7^ 1 then the 
centerless large N = 4 superconformal algebra is isomorphic to N% by 

G a = V2e ai 

A±1 = wh) ie2 ° e3±ei ° e4h 

A±2 = 2TTT^) (ei0e3Te2 ° e4) ' 

A ±Z = 2{ ~l p) (ei°e 2 ±e 3 °e 4 ), (8.12) 

QCl = V2(l-/3 2 ) ( ~ 1)ae&l0eb2 ° eb3 ' 

f = ^jei»e2 e 3 e4, 

1 — p A 

where {0,61,62,63} = {1,2,3,4} and 61 < 62 < 63. For (3 — ±1 the large N = 4 superconformal 
algebra is isomorphic to JV4. 



Note 8.14 The action of the Lie algebra (A, (0)) on V is not faithful for N" since e\ • e 2 e% e 4 
acts on V trivially. The ideal generated by ei* e 2 ° e^ 64 is R itself. As is discussed in (4.12) of 
B , for a unit vector u G V one has an A u -module isomorphism u : A u ^> F with the inverse map 
u • : F — > A u where A u = {a S A| a* tt = 0} in our terminology. A ei is spanned by A + 1 + A~ 1 , 
A +2 — A -2 , A +3 — A -3 and {/, so the condition that F is isomorphic to A u as A u -modules is also 
satisfied here. 



Proposition 8.15 A simple physical conformal superalgebra R with diml^ = 4 is isomorphic to 
one of S 2 , W 2 , N 4 and for some aeC where a G (C/{±1» \ {[1]}. 

Proof Since the Clifford action of a unit vector in V yields an isomorphism between the even 
subspace of Imt and the odd subspace of Imt, we have dim Inn > 2dimV^, so dimlmx is one of 8, 
12 and 16. 

If dimlmt = 16 then the map 1 is injective, so R b is isomorphic to N" for some a G C. So 1 
is surjective because V V V ^ {0} for all N"s. is simple if and only if a 2 7^ 1, hence R is 
isomorphic to N£ for some a 2 7^ 1. 

If dim Imt = 12 then dim ker 1 = 4, so we may assume ker 1 = M(00) , which implies D\ D 2 = 0. 
a = — 1 by Proposition |S.6| , hence R L is uniquely determined, which is neither simple nor with 
V ° V ° V — {0}. So simple physical conformal superalgebras with dimlnu = 12 do not exist. 

If dimlm/, = 8 then dim ker l = 8. We may assume M(00) C ker/,, which implies D® D 2 = 0. 



a = —1 by Proposition S.6, so ken = M(00) © M(ll). Hence R b is uniquely determined, which is 
S 2 . In particular the Lie algebra (V V, • ) and its action on V by the product • is uniquely deter- 
mined. Consider the pairing J : V AV AV x F — > C defined by J{v x A v 2 A v 3 , f)L = v 1 • v 2 • v 3 • /. 
By (D6) we have J(a ■ oj, /) + J(u, a ■ f) = for all a € A, f € F and u € V A V A V where V 
and F are supposed to be (A, • )-modules by the product • and so is V A V A V by derivation. 
Once J is determined, u* v* f is uniquely determined for all w, v G V and / G F, so the action of 
v4 = V V + V * F on V by the product • is uniquely determined. The pairing J is (A, * )-invariant 
and if J(u>, f) — for all to G V A V A V then / = 0, so the action of A on F by the product • is 
uniquely determined by the action of A on V A V A V, which determines the product V A because 
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of (H4). By Lemma L2 we have (b^c)^a = J2j r j^(q-j) c (p+j) a + s j c (p+q-j)b(j) a f° r au a,b,c£ R 
for some Tj, Sj S C, so the simple physical conformal superalgebra structure on R is uniquely deter- 
mined by the pairing J. Consider a ^4-submodule J° = {uj S V A VA V| J(w, /) = for all f £ F}. 
J° 7^ FAFAf because i? is simple. The {V °V, • )-module V A V A V is decomposed into 
two 2-dimensional irreducible modules, so dim J° is either or 2. If dim J° = then R is iso- 
morphic to N4. If dim J° = 2 then we can choose a basis {-Di, D 2 , -Di, -D2} of V that satisfies 
(Di,Dj) = (D it Dj) = % and (Di, Dj) = so that J° = Span{L>i A L>i A D 2 , D x A D 2 A D 2 } and 
kert = M(00) M(ll), hence i? is unique if exists, which is W 2 . I 



Hence we have the complete list of simple physical conformal superalgebras. 

Theorem 8.16 A simple physical conformal superalgebras is isomorphic to one of Vir, K±, K 2 , 
K 3 , S 2 , W 2 , N 4 , N? and CK 6 , where a e (C/{±1» \ {[1]}. 

If conformal superalgebras R and R' are equivalent then the Lie superalgebras (R/dR, (0)) 
and (R'/dR', (0)) are isomorphic. Any pair of Lie superalgebras ( Vir/d Vir, (0)), (K\/dK\, (0)), 
(K 2 /8K 2 , (0)), {K 3 /dK 3 , (0)), (S 2 /c>S 2 , (0)), (Wa/SWa, (0)) and (N2/dN%, (0)) is not isomorphic, 
while N4 and TV^fs are equivalent to N® except for a 2 = 1. Hence we have the following corollary. 

Corollary 8.17 A simple physical conformal superalgebras is equivalent to one of Vir, K\, K 2 , 
K 3 , S 2 ,W 2 , N° andCK 6 . 
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